MTHE 237 — PROBLEM SET 03 SOLUTIONS

1. i) Check that the differential equation (y?+y)-x Z—gyc =0 is not exact. Now, multiplying

both sides by p(z,y) = y=2 yields the differential equation (1 + i) -5 2 = (. Check
that the latter is exact (for y # 0).
If a differential equation that is not exact is converted to one that is exact by multiplying
both sides of the equation by a function pu(x,y), as in the example of i), the function u(z,y)
is called an integrating factor.
Solutions of the equation multiplied by p are also solutions of the original equation, as
long as we avoid regions where p is zero.
Although in principle an integrating factor exists for every equation of the form

M(z,9) + Nw,y) 2 =0, 0

in practice an integrating factor is frequently hard to find, and there is no known general
method for finding it.

One approach to trying to find an integrating factor is to guess that it has a special simple
form, and try your luck. For example, suppose we guessed that the differential equation (1)
has an integrating factor u(z) that is a function of = only, so that

d
(@) M (2,y) + (@) N (,y) 22 = 0
is now exact.

ii) Show that the exactness condition

O(u(z)M(z,y)) _ O(u(z)N(z,y))
dy ox

may be rearranged to
oM _ ON
Ldp oy = oo (2)

wdx N
If the right side of eq. (2) is a function of x only, then eq. (2) is separated equation

for p(x), which we can solve by the usual method for separated equations (integrating
both sides).

iii) The equation (e* - sin(y)) + cos(y) Z = 0 is not exact, but has an integrating factor
that may be found by the above method. Find it.

OM _ ON

. D oz . .
Z—y = 0, the expression ———= is not a function of

iv) Check that for the equation zy? + x5

x only. Therefore, the above method does not yield an integrating factor.

Other common guesses for the form of an integrating factor are u(y), u(zy), p(z/y), u(y/x).
Each, in lucky cases, leads to a separable differential equation for p.! However, all five may

1For instance, p(zy) = 1/(zy(1 - y)) works for the equation of part iv).



fail to yield an integrating factor. Because there is no known general method of finding
integrating factors, their usefulness is limited.

The idea of integrating factors does lead to a general method of solving first-order linear
equations, however, which we shall cover in detail in lecture!

Solution. i) We compute that for the differential equation (y? +y) -« g—g =0,
oM ON
C oy+l, =1,
ay VT ag

Because the two partials are not equal in any open rectangle, the equation (y? +y) -
T % =0 is not exact.

On the other hand, for (1 + %) —zdu_ )

The two partials are equal for y > 0 and y < 0. We conclude that on either of these two
open rectangles the equation is exact .

ii) We have

O (u(x)M) _ oM

oy a oy’
O(pu(x)N) dp ON
ox - de“‘M ox

Setting the two partials equal to each other,

(9_M_d_u + 8_N so that
N@y_d:t o

dx

Jdy Ox
OM _ AN
Ldp oy = on
W dx N

iii) For the equation (e® —sin(y)) + cos(y) j—g =0, we have

M
iy,
ON
b
ox
N =cos(y), and
O
N cos(y) '



The expression is constant with  and y, and so in particular a function of z only.

The separated equation for p is
1d
e (3)
wdx

Integrating both sides, solutions are given implicitly by
d
f o [ -ldz,
1

() = -2

We have taken C' = 0, because we are not looking for the most general integrating
factor. Any solution of equation (3) will do. Finally, exponentiating both sides, we
have

so that

x

p(z) =e
as the integrating factor.

The converted exact equation is then
(1-e"sin(y)) + e cos(y) = 0.
This can be checked to be exact — OM [0y = ON [Ox = —e~* cos(y). Solutions are given

implicitly by
x+e "sin(y) = C.

iv) For the equation zy? + x% =0, we have
oM
— =2y,
y 4
ON
=1,
ox
N =z, and
OM _ AN
Oy 0w _2ry-1
N x
which is not a function of x only.
i) Check that
et tet t2et

W(et, tef, t2e')(t) = det | (et)” (tet)’ (t%e!)" |=2e%, teR,
@ (e ()

and conclude that {ef, tet, t?¢'} is a linearly independent subset of C*(R, R).



ii) Show that if
apel + astel + agt?el =0

for all t € R, then a; = ay = a3 = 0 (give a direct argument avoiding the use of
Wronskians). This gives another argument that {ef, tet, t2¢!} is a linearly independent
subset of C*(R, R).

Solution. i) First, we compute the derivatives involved.

(et)/ = et and (et)// _ et’
(te') =e' +te' = (1 +1t)e! and ()" =€+ (1+t)e' = (2+1t)e,
(t%e') =2tet +t%e' = (2t +1*)e!  and  (t%e')” = (2+2t)e! + (2t +1%)et = (2 + 4t + t?)el.

Now, the Wronskian is

et tet t2et 1t t?
det|et (1+t)et  (2t+t2)et [=(e")*det|1 1+t 2t+1¢2
el (2+t)et (2+4t+t?)el 1 2+t 2+4t+1¢2

We can simplify the computation by subtracting the first row from both the second
and the third row (this does not change the determinant), obtaining

1 ¢ 12
etdet|0 1 2t
0 2 2+4t

Expanding the result along the first column, the Wronskian is equal to

1 2t
3t _ 3t _At) = 903t
e’ det (2 2+4t) = e’ (244t - 4t) = 2¢”.

Because
W(et, te!, t2e)(t) #0 for all ¢,

we conclude that {e!, tef, t?e!} is a linearly independent set (it is enough that the
Wronskian does not vanish for a fized t, but here it does not vanish for all ¢).

ii) Suppose that
ag et + astel + agtiel = 0. (4)

Evaluating at ¢ = 0, we have
061'1+042'0+063'O:O,

so aq =0.

Differentiating eq. 4 with respect to t, we have

0+ay(1+t)e! +as(2t+t%)e! =0.



Evaluating the result at ¢ = 0, we have
a2-1+a3-0=0,

so ag = 0.

Differentiating once more, we have
0+ as(2+4t +t%)el = 0.

Evaluating at ¢ = 0, we conclude that as = 0.

Alternative solution. Instead, we could have evaluated eq. 4 at two more points, say
t=1 and t = 2, obtaining the system of equations

are+aze=0

a9 2e? + asde? =0,
or, equivalently,

g +a3=0

2009 + 40[3 =0.

This is easily seen to have solution oy = a3 = 0. (For instance, we could subtract two times
the first equation from the second, obtaining 2as = 0, hence ag = 0 from the first equation.)

3. Let V and W be finite-dimensional vector spaces. Show that if there exists an isomorphism
L:V - W, then dimV =dimW.

(This fact was needed in the proof that the dimension of the space of solutions of a
homogeneous linear equation is equal to its order. It is a particular case of the principle that
isomorphic vector spaces have identical linear-algebraic properties.)

Suggestion: Let dimV =r. Choose a basis {ej,...,e,} of V. Show that {L(e1),...,L(e;)} is a basis of W.

Solution. Following the suggestion, let dimV =, and choose a basis {ej,...,e.} of V.
Claim. {L(e1),...,L(e.)} is a basis of W.

Proof of Claim. By definition of basis, the claim will be shown if we check that {L(e;), ..., L(e,)}
is a linearly independent set, and that it spans all of W
Suppose that
arL(e)) ++a,.L(e) =0

for some ay, ..., .. By linearity of L, the left side is equal to L(aie; + -+ aye,). Because
L is an isomorphism, it is injective, and so the only vector sent to 0 is 0. Thus,

are) + -+ ape, = 0.

Because {ey,...,e.} is a basis of V, it is a linearly independent set. We conclude that
ay =ag =+ =q, =0. Therefore, {L(e1),...,L(e,)} is a linearly independent set.
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To show that {L(e1),...,L(e.)} spans W, choose any element w of W. Because L is
an isomorphism, it is surjective, so there exists an element v of V with L(v) = w. Because
{e1,...,e,} is a basis of V| there exist a,...,q, such that

V=qQre) + e+ Qe
Applying L, we have
w=L(v)=L(aye; +-+ape.) =aiL(er) + -+ a,.L(e,).

Therefore, w is in the span of {L(vy),..., L(v,)}. Since w was arbitrary, {L(v1), ..., L(v,)}
is a spanning set of W.
We conclude that {L(v1),...,L(v,)} is a basis of W. O

Because V' and W have bases with an equal number of elements, they have equal dimen-
sion.

Alternative solution. The rank-nullity theorem says that for any linear map L: V - W
between finite-dimensional vector spaces?, we have

dimim L + dimker L = dim V.

(The number dimim L is called the rank of L and the number dimker L is called the nullity
of L, which explains the name of the theorem.)
When L is an isomorphism,

dimim L =dim W, as L is surjective, and

dimker L =0, as L is injective.

Therefore, dimW + 0 = dim V', which is what we wanted to show.

Optional Problem. Let I be the open interval (-1,1). Can you find a function in C°(/, R)
but not C'(I, R)? In C*(I, R) but not C?(I, R)? In C7(I, R) but not C™*!(1, R)?

Solution. A function is in C°(7, R) but not C*(/, R) if it continuous over I, but not differ-
entiable (or does not have a continuous derivative) at some points of I.
The first example that comes to mind is the absolute value function,

t, 0<t<l1
-t, -1<t<0

o(1) = I = {

It is continuous, not differentiable at ¢ = 0.
Now, by the fundamental theorem of calculus, if f(¢) is continuous over an open interval
I, then the function F(t) defined by

F(t) = [:f(x)dx, boel

2 Actually, W may be infinite-dimensional.



is differentiable on I, with derivative F’(t) = f(t). Since f is continuous on I, we see that
F has a continuous derivative on /.

Iterating this construction r times with f being the absolute value function, we obtain a
function in C"(I,R), but not in C™*1(I,R):

t t
or(t) = f f |z1| dy dzo---dz,.
A

r integrals

Explicitly, the first few iterations produce

¢o(t) =11,
b1(t) = 1+t|t|
oo(t) = 2+3t+t2|t|‘

6

Now, we notice that some of the terms produced by the procedure above are not essen-
tial for making sure a function only has derivatives up to a certain order. Discarding the
inessential terms then leads us to the following family of examples:

tr Jt|
(r+1)V

o0 () =

where r!=1-2-3---(r = 1) -7 and, by convention, 0! = 1.

Claim. We have i
E@(t) =¢p_1(t) forallr>1.

Proof of Claim. For t >0, we have

For t < 0, we have
R O N (]
For t = 0, we proceed from the definition of derivative:
i 0+ 1) =¢,.(0) _ Gl i L B S
h0 h h hs0(r+1)! e

]

Since ¢o(t) = |t| is not differentiable, we see that ¢, is r-times differentiable, but not
r + 1-times differentiable, as desired.



