
Mthe 237 Final Exam
December 09, 2017
Queen’s University Applied Science
Department of Mathematics and Statistics
Instructor: Ilia Smirnov

Instructions: This exam is three hours in duration.

Please write your answers in the booklets provided. Hand in both the booklets and the
question paper.

To receive full credit, you must justify your answers. Answers with little or no justification
will receive little or no credit.

Calculators, data sheets, notes, and other aids are not permitted. A table of Laplace trans-
forms is provided on the last two pages.

Good Luck!

Please Note: Proctors are unable to respond to queries about the interpretation of exam
questions. Do your best to answer exam questions as written.

Student Number:

1 2 3 4 5 Total

This material is copyrighted and is for the sole use of students registered in Mthe 237 and writing

this examination. This material shall not be distributed or disseminated. Failure to abide by these

conditions is a breach of copyright and may constitute a breach of academic integrity under the

University Senate’s Academic Integrity Policy Statement.
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Common notations for derivatives:
dy

dt
= ẏ = y′; d2y

dt2
= ÿ = y′′; dry

dtr
= y(r).

1 (20 points). Solve the following differential equations. You are not required to find the
domain of definition of the solutions. Solutions may be given in implicit form.

i)
dy

dt
= ay, a ∈ R, y(t0) = y0.

ii)
dy

dx
= x2 − 2xy + y2, y(0) = 0.

iii) x
dy

dx
= xey/x + y, y(1) = 0.

(Hints: For ii): Substitute v = x − y. One of the integrals will require a simple decomposition into partial

fractions. For iii): Substitute v = y/x.)

2 (20 points). Find all solutions of the differential equation

d3y

dt3
+ dy

dt
= cos(t).

3 (20 points). Let x1 denote the displacement of the left block in the diagram below from
its rest position. Let x2 denote the displacement of the right block from its rest position.
The displacements x1 and x2 are taken to be positive toward the right.

x1 = 0 x2 = 0

1 12

+ +

Suppose that each spring has the spring constant given by the number above that spring in
the diagram. Suppose that the mass of each block is equal to 1. Neglect friction.

In class, we have shown that x1 and x2 satisfy the system of equations

ẍ1 = −3x1 + x2

ẍ2 = x1 − 3x2.

Using the Laplace transform, find solutions x1(t) and x2(t) of the system subject to the
initial conditions

x1(0) = −1, ẋ1(0) = 0, and x2(0) = 1, ẋ2(0) = 0.

Briefly describe the motion of the two blocks.
(Hint: L [x1](s) and L [x2](s) are rational functions with a degree one polynomial in the numerator

and a degree two polynomial in the denominator.)
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4 (25 points). i) Sketch the solutions of the following first-order system, and find a
parametrization of the solution passing through the given point:

(ẋ
ẏ
) = ( 3 −4

−4 −3)(
x
y
) , (x(0)

y(0)) = (
1
−3) .

ii) Solve the first-order system

(ẋ
ẏ
) = ( 3 −4

−4 −3)(
x
y
) + ( 25−25) , (x(0)

y(0)) = (
1
−3) .

5 (15 points). Find the parametrized path x in R2 with the following two properties:

1. x(0) = (1,0),

2. The velocity vector of x makes an angle of π/4 radians clockwise with the position
vector of x, and is equal in magnitude to the position vector of x, at all points of the
path.

Reminder: Let x ∶ t↦ (x(t), y(t)), t ∈ I be a parametrized path in R2. The velocity of x
is the function ẋ ∶ t↦ (ẋ(t), ẏ(t)), t ∈ I.
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Table of Laplace Transforms

Notation: N = {0,1,2, . . .} natural numbers, R real numbers.

ua(t) = u0(t − a) =
⎧⎪⎪⎨⎪⎪⎩

1 t ≥ a
0 otherwise

, unit step function with jump at t = a.

1 General properties

f(t), t ≥ 0 L [f](s) = ∫
∞

0
f(t)e−st dt

(f + g)(t) L [f](s) +L [g](s)

(cf)(t), c ∈ R cL [f](s)

df

dt
(t) sL [f](s) − f(0)

d2f

dt2
(t) s2L [f](s) − sf(0) − df

dt
(0)

drf

dtr
(t), r ∈ N srL [f](s) − sr−1f(0) − sr−2df

dt
(0) −⋯ − dr−1f

dtr−1
(0)

ua(t)f(t − a), a ≥ 0, e−asL [f](s)

eσsf(t), σ ∈ R L [f](s − σ), whereever converges

(f ∗ g)(t) = ∫
t

0
f(u)g(t − u)du L [f](s)L [g](s)
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2 Transforms of Quasipolynomials and the Unit Step Functions

1
1

s
, s > 0

t
1

s2
, s > 0

tk, k ∈ N k!

sk+1
, s > 0

eσt, σ ∈ R 1

s − σ
, s > σ

t eσt, σ ∈ R 1

(s − σ)2
, s > σ

tk eσt, σ ∈ R, k ∈ N k!

(s − σ)k+1
, s > σ

cos(ωt), ω ∈ R s

s2 + ω2
, s > 0

sin(ωt), ω ∈ R ω

s2 + ω2
, s > 0

t cos(ωt), ω ∈ R s2 − ω2

(s2 + ω2)2
, s > 0

t sin(ωt), ω ∈ R 2ωs

(s2 + ω2)2
, s > 0

tk cos(ωt), ω ∈ R, k ∈ N (−1)k dk

dsk
( s

s2 + ω2
) , s > 0

tk sin(ωt), ω ∈ R, k ∈ N (−1)k dk

dsk
( ω

s2 + ω2
) , s > 0

eσt cos(ωt), ω ∈ R, σ ∈ R s − σ
(s − σ)2 + ω2

, s > σ

eσt sin(ωt), ω ∈ R, σ ∈ R ω

(s − σ)2 + ω2
, s > σ

t eσt cos(ωt), ω ∈ R, σ ∈ R (s − σ)2 − ω2

((s − σ)2 + ω2)2
, s > σ

t eσt sin(ωt), ω ∈ R, σ ∈ R 2(s − σ)ω
((s − σ)2 + ω2)2

, s > σ

ua(t), a ≥ 0
e−as

s
, s > 0


